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INTRODUCTION 
In the existing Ising models with n sites, it is generally assumed that the 
spins at each site take the values + 1 and - 1 with equal probability (Q, +). In 
the consideration of the partition function, it is further assumed that 2n 
possible spin configurations are equally weighted, which is equivalent to 
assuming the probability structure at the n sites to be statistically independent. 
In this paper we introduce a general probability structure on the n sites, which 
enables one to study the statistical dependence between the sites, if one 
wishes to. This is not in conflict with the deterministic interactions JUo 
between the sites u and v and introduces correlation between sites u and v. 
Griffiths’ [9] established correlation inequalities for the classical system 
which has been extended later by Kelley and Sherman [6]. Hurst and 
Sherman [4] later showed by an example that Griffiths’ inequalities are not 
valid for the Heisenberg model. Thus, it becomes imperative to investigate 
the conditions under which these inequalities are valid for different models. 
In this paper, we consider the classical Hamiltonian and extend the spins to 
continuous variables, make them statistically dependent, and obtain a set 
of sufficient conditions for the validity of Griffith’s inequalities. 
1. GAUSSIAN SPIN CONFIGURATION MODEL 
The Ising model [5] was set up to investigate the behavior of substances 
when molecules possess a magnetic moment. The Ising model in its simplest 
form is a linear chain of n “sites;” each site has a spin cd taking values +I 
and --I with equal probability 4. Let ur = (a, , as ,..., a,) denote a typical 
spin configuration out of the set of 2” possible configurations. In the classical 
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Ising model of a ferromagnet, let J,,(>O) denote the interaction between the 
nearest neighbors on the lattice. This model has been studied extensively 
by Onsager [9], Newell and Montroll [8], and Griffiths [3]. The Hamiltonian 
of the system is a real valued function with the 2” spin configurations as the 
domain and is defined by 
where ui denotes the i-th component of the vector U. 
The partition function Z is defined by 
2 = W”) C exp(--BH,), 
0 
(2) 
where /3 = l/U, R being Boltzmann’s constant and T the (absolute) tempe- 
rature. 
The Gibbs probability on the space of configurations is defined by 
P(u) = ( 1/2n) 2-l exp( -fiH,). (3) 
The expected value E[X] f o a random variable X on this probability space is 
called the thermal average and is denoted by angular brackets as 
(X) = E[X] = c X(0) P(u). 
0 
Griffiths [3] proved the following set of inequalties: 
for all K, I = 1, 2 ,..., n (5) 
and 
for all k, I, u, ZI = 1, 2 ,..., n. (6) 
In fact, these inequalities have been proved for the case of more general H,, 
by Griffiths [3] and extended by Kelly and Sherman [6]. According to Kelly 
and Sherman: “The physical consequences of (6) are far reaching,” when we 
have the interaction strength J&>O) between sites u and W. A further 
extension of this model in which the spin variable 0 may take on the p + 1 
values p, p - 2, p - 4 ,..., 2 - p, -p is given by Griffiths [6]. 
In this paper, we will extend the validity of inequalities (5) and (6) to the 
case, the spin vector ur = (ul , ua ,..., u,) has multivariate Gaussian distribu- 
tion with mean vector zero and variance-covariance matrix A. In this case, 
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the space of spin configurations will be the n-dimensional Euclidean space, 
and the partition function will be defined by 
where 
Z = Sm ..* Jm dF(ul ,..., u,) exp(-@JO), 
--m --m 
(7) 
dF(u, ,...) u,) = (I A-1 /1’2/(2~)n/~) exp(- (aTkla)/2} do, ... du, 
= f(u) dul ... da, . 
(8) 
A-l is the inverse matrix of A, ( A-l 1 denotes the determinant of A-l, and o 
is the transpose of the vector uT. 
We can obtain a closed form for 2 in the special case of the classical Hamil- 
tonian 
HO = -Jo c uiui 
i<j 
by the use of the following lemma. 
LEMMA 1. Any square matrix M can be decomposed uniquely as the sum 
of a symmetric matrix S and a skew matrix T. 
From the lemma, we have 
H, = - JouT((uuT - 1)/2) u, (9) 
where the 1 x n vector uT = (1, l,..., 1) and I is then x n identity matrix. 
In this case, it can be easily seen that 
2 = I A-l 11i2/1 A-l - /3J,,(wT - I)11i2, (10) 
and the Gibbs probability density function g(u) = g(u, ,..., u,) on the space 
of configurations is given by 
where 
g(u) = {I W-l 11’2/(27r)“/2} exp{--a?Vkr}, (11) 
w-1 = A-l - pJ&uT - I). P-9 
If X(0) = X(q ,..., a,) is any random variable defined on this probability 
space, we define the thermal average by 
(X(u)) = E[X(u)] = lrn -.a Jrn X(a)g(u) da. 
--m -03 (13) 
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DEFINITION 1. We shall refer to (11) as the Gaussian spin configuration 
model in the classical case. 
DEFINITION 2. If we further specialize to the case where the variance- 
covariance matrix A is given by 
i 
h v v 
v A v 
A= i ; ; 
v v v 
. . . 
. . . 
v 
v ; =u+ ; 1 v(uuT - (14) 
then we shall refer to the corresponding Gibbs probability density function 
as that of an equi-correlated Gaussian spin con..guration model in the classical 
case. 
Remark. We note that X >, 0, since it corresponds to the variance of 
the spin in any site, and v can be either nonnegative or nonpositive since it 
corresponds to the covariance of the spins between any two sites. In order 
that (8) is a well defined (nonsingular) probability density function, we will 
require that A be a positive definite matrix. This will imply that 
x>o and -(l/(n - 1)) < v/h = p < 1. (15) 
We will now extend the validity of Griffith’s inequalities (5) and (6) for equi- 
correlated Gaussian spin configuration models, with an assumption on 
hp]s . It is not known whether this assumption can be eliminated. 
2. MAIN THEOREM 
Before we state our result we will give two lemmas, which are needed in 
the proof of the theorem. 
LEMMA 2. For -(l/(n - 1)) < /3 -=c 1, 
[I + wu= - 1)1-l = --- 1 e 1 1 _ 0 1 _ 8 1 + @_ 1) 0 uuT* 
Proof. This can be easily verified. 
LEMMA 3. For any Gaussian random variables Xl , X2 , X, , and X4 
<x,x,x,x,> = <Xl-T?> Gw,> + <Xl-w <x,x,> + <-&x4> <-F&>. 
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Proof. See Parzen [lo, p. 931. 
THEOREM. In the case of an equi-correlated spin configuration model, with 
the condition 
- 
(1 - p) [l : (?z - 1) p] G hpJo < (n - 1) [I: (n - 1)Pl ’ (16) 
we have 
and 
(ukuz) 3 0 for all k, 1 = 1, 2 ,..., n (17) 
(ako,auo,) - (~~0~) (a,a,> > 0 for all k, 1, u, v = 1,2 ,..., n. (18) 
Proof. 
<“kuZ) = wkZ 9 
where wKz is the k-th row I-th column element of W, and W-1 is given by 
w-1 = A-1 - /3Jo(uuT - I) 
with 
A = AZ + Y(Uz? - I). 
By using Lemma 2, we obtain 
El + (n - 2) PI 
A(1 - P) [1 + (n - 1) p] w = 
-2-I-L 1 
1 - 0 1 + (n - 1) 0 UuT’ 
where 
(9 = _ P + VJOU - PI u + (n - 1) PI 
l+(n-2)p ’ 
Since we are interested in the sign of wkz (for k # I) we need to consider the 
sign of --S/(1 - 8) [I + (n - 1) 01. By using the upper bound on hpJo 
in (16), we conclude that 1 + (n - 1) 6 > 0, and using the lower bound in 
(16) we can conclude that -e/(1 - 0) > 0. Thus, we see that wlcz > 0, and 
(17) is proved. Equation (18) follows from Lemma 3 and (17). 
3. REMARKS 
It is interesting to note that Griffith’s inequalities are not valid for the 
Heisenberg system with Hamiltonian 
H = - C JmrS~m * ~,a), Jm 2 0. 
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In fact Hurst and Sherman [4] proved that 
(q - Oj) > 0 
and found that 
is in general false. For the Heisenberg system, in 1971, Dyson [l] made the 
following conjecture 
1 %(a, + *** + %J2> > o 
a aJnm ’ ’ 
which is still unsettled. 
Thus, we see that one has to establish the validity of Griffith’s inequalities 
for different Hamiltonians and different statistical systems. In this paper we 
considered the classical Hamiltonian with a multivariate Gaussian prob- 
abilistic structure at the spin sites and proved the validity of Griffith’s 
inequalities. In future publications we hope to consider further generaliza- 
tions. 
After our paper was written, a recent paper by Leff [7] was brought to 
our attention. We noted that our definition (7) of the partition function is a 
Stieltjes integral (with reference to a weight function f(u)) in contrast to the 
Riemann integral definition of partition function used by Leff [7]. It appears 
to us that (7) is a natural extension (to the continuous case) of definition (2) 
of the partition function in the classical model with 2” possible spin configura- 
tions, where each configuration vector (ui , o2 ,..., on) is given the equal 
weight l/Zn. As indicated in a personal communication with Leff, the Gibbs 
probability density functions finally arrived at (our equation (11) and 
~exp[-BM4Pc(~) of Lefi [71) are mathematically equivalent in the sense 
that both the expressions are multivariate Gaussian probability density 
functions. The identification J = A-l - /3 J,,(zd - I) and the application 
of Lemma 1 given by Leff [7] do give condition (16). But condition (16) is not 
obvious from the statement of Theorem 1 by Leff [7]. Our results show that 
explicit sufficient conditions for the validity of Griffith’s inequalities can be 
obtained in special cases by direct methods. 
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